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Abstract
The low energy scattering of pions is investigated in the presence of electromagnetic
interactions at leading order and at next-to-leading order for the amplitudes involving at most
one pair of charged pions. The size of the electromagnetic corrections to the S-wave scattering
lengths is found to be comparable to the size of the two loop strong interaction corrections.
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1 Introduction
Over the last few years, low energy π−π scattering has been increasingly recognized as provid-
ing a perhaps unique window through which one might contemplate the actual mechanism of
spontaneous breakdown of chiral symmetry in QCD (for recent discussions, see [1]). It is nowa-
days widely expected that this spontaneous breakdown is triggered by the formation of a large
bilinear quark condensate < 0 | q¯q | 0 >∼ −(250 MeV)3, which provides the main contribution
to the masses of the light pseudoscalars mesons [2]
− (mu +md) < 0 | q¯q | 0 >
F 2πM
2
π
∼ 1 . (1.1)
However, on the basis of our present theoretical understanding of non-perturbative phenomena
in asymptotically free gauge theories, the situation where the condensation of quark-antiquark
pairs in the vacuum is much weaker, say < 0 | q¯q | 0 >∼ −(100 MeV)3, cannot be excluded
(see for instance [3]). It turns out that a significant deviation of the ratio (1.1) from unity
influences low energy π − π scattering [4] : The weaker the condensate, the stronger do pions
interact at low energies. Unfortunately, the experimental informations available at present do
not reach a precision which would allow to rule out any of the possibilities mentioned above.
In this context, planed experiments such as the measurement of the lifetime of π+ − π− atoms
at CERN [5], or new high statistics Kℓ4 experiments by the E865 and KLOE collaborations,
respectively at BNL and DaΦne [6], are of particular interest.
The expected precision of these forthcoming data has triggered quite some activity at the
theoretical level. In particular, the π − π scattering amplitude has been obtained at next-to-
next-to-leading order both in the framework of generalized chiral perturbation theory [7], where
the ratio (1.1) is kept as a free parameter, and for the special case of standard chiral perturbation
theory [8], where this ratio is exactly equal to one at leading order. In the former case, the
whole range allowed by the present experimental value [9] of the I = 0 S-wave scattering length,
a00 = 0.26 ± 0.05, is covered as the ratio (1.1) is varied between 0 and 1. In the latter case
the prediction, as taken from the recent literature [8, 10], is in the range a00 = 0.205 − 0.217,
depending mainly on the evaluation of the O(p4) counterterms (this question is presently under
further investigation [11]). These last numbers, when compared to the corresponding leading
order [12] and next-to-leading order values [13, 14], a00 = 0.16 and a
0
0 = 0.20, respectively,
strongly suggest that contributions beyond two loops are negligible (this conclusion also holds
for the generalized case [7]).
In order to assess the prediction of the standard case as far as low energy π−π scattering
is concerned, and thus be able to detect any deviation from the strong condensate scenario
(1.1) once more precise data become available, it becomes mandatory to watch out for other
contributions, which might compete with the two loop strong corrections discussed above.
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For instance, the aforementioned results were obtained upon neglecting all isospin breaking
effects, i.e. upon ignoring the quark mass difference mu−md, and without taking into account
electromagnetic interactions. In the present paper, we are interested in the evaluation of the
corrections induced by the latter, which are expected to be the dominant ones (just as they
dominate, for instance, the difference between the charged and neutral pion masses [15, 14],
whereas mu 6= md only affects both the pion masses and scattering amplitudes starting from
next-to-leading order). We shall work within the framework of chiral perturbation theory
[16, 17, 14, 18], extended to include electromagnetic interactions [19, 20]. The central object of
our analysis is the generating functional
eiZ(vµ,aµ,s,p,QL,QR) = < 0; out | 0; in >vµ,aµ,s,p,QL,QR , (1.2)
where the expectation value is obtained by integration over gluon, quark and photon config-
urations, weighted by the action corresponding to the QCD Lagrangian with electromagnetic
interactions and in the presence of the external sources vµ, aµ, s, p, QL, QR,
L = L0QCD + L0γ + q¯γµ[vµ(x) + γ5aµ(x)]q − q¯[s(x)− iγ5p(x)]q
+Aµ q¯γ
µ {QL(x)
(
1− γ5
2
)
+QR(x)
(
1 + γ5
2
)
} q . (1.3)
In the above expression, L0QCD stands for the QCD Lagrangian with massless light quarks,
while L0γ stands for the Maxwell Lagrangian of the photon field Aµ. In both cases, some gauge
fixing and the corresponding Faddeev-Popov ghosts are understood. The last term provides
the interaction of the Nf light quarks q = u, d, ... with the electromagnetic field once the
sources QL(x) and QR(x) are put equal to the constant charge matrix Q appropriate for Nf
light flavours. The structure of the generating functional Z above has been obtained to one
loop order in [20] for Nf = 3 within a systematic framework which combines the usual chiral
expansion [16, 17, 14, 18] with the expansion in powers of the electromagnetic coupling e (see
also [21]). For our purpose, we need only to consider the case Nf = 2. However, for those
aspects which are independent of the actual number of light flavours involved, we shall quote
the results for arbitrary Nf . Electromagnetic corrections in the two flavour case within this
systematic framework have also been considered recently in [22, 23], and we shall compare
with our present work in due course. Let us mention, however, that the only application that
was discussed in [22, 23] is the scattering of neutral pions, where photon exchanges between
pions do not contribute before the two loop order. In the meantime, the formalism of [22, 23]
has been used to compute the corrections to the lowest order formula [24] for the lifetime of
pionium in Ref. [25] (for other recent approaches to this problem, see [26]). This computation
obviously involves the scattering amplitude π+π− → π0π0, but, for the purposes of the bound
state problem, at an off-shell point, whereas we shall consider the same amplitude for free, on-
shell, pions. Whenever comparison was possible, we found agreement between our expressions
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and the results of [25]. Finally, electromagnetic corrections to low energy π − π scattering
within different contexts and/or frameworks have been considered previously in Refs. [27],
[28] and [29]. Unless otherwise stated, we shall work within the framework of standard chiral
perturbation theory, where (1.1) is assumed to hold.
The rest of the paper is organized as follows. In Section 2 we investigate lowest order
electromagnetic effects on the π − π scattering amplitudes and discuss the S-wave scattering
lengths. Section 3 is devoted to the construction of the generating functional to one loop
order. We give a complete list of counterterms for Nf = 2 and for constant sources QL(x) =
QR(x) = Q, and compute the corresponding divergent part of the generating functional. The
amplitudes for π0π0 → π0π0 and π+π− → π0π0 are worked out to one loop order in Section
4. Scattering lengths are discussed in Section 5. In particular, the definition of the scattering
length for π+π− → π0π0 requires a proper treatment of the infrared singularities which affect
the amplitude. A final Section summarizes our results, and details on various technical aspects
have been gathered in an Appendix.
2 Lowest Order Electromagnetic Corrections
It has been shown in [20] that in presence of electromagnetism, a consistent expansion scheme
is obtained if the electric charge e is considered as a quantity of order p in the chiral counting,
e, QL, QR ∼ O(p) , (2.1)
where p denotes a typical momentum, much smaller than the scale ΛH ∼ 1 GeV at which the
(non-Goldstone) hadronic bound states appear. At leading order in this combined expansion,
and for an arbitrary number Nf of light quark flavours, the generating functional is given by
the tree graphs constructed from the effective lagrangian [19]
L(2) = F
2
4
〈 dµU+dµU + χ+U + U+χ 〉
−1
4
F µνFµν − 1
2a
(∂ ·A)2 + C 〈QRUQLU+ 〉 . (2.2)
For the notation, we follow Ref. [20], where the transformation properties of the various
quantities which enter (2.2) under the chiral SU(Nf )×SU(Nf ) symmetry group are displayed.
Besides the scalar and the pseudoscalar sources, the field χ contains also the mass term for the
pseudoscalar mesons at leading order, χ = 2BM+ · · ·, where M is the (diagonal) quark mass
matrix. The low energy constant B describes the bilinear light quark condensates,
B = − < 0 | u¯u | 0 >
F 2
= − < 0 | d¯d | 0 >
F 2
= · · · (2.3)
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whereas F is given by a two point correlation function of the vector and axial currents at
vanishing momentum transfer,
F δab =
1
3i
∫
d4x < 0 | T{(q¯LγµλaqL)(x)(q¯RγµλbqR)(0)} | 0 > . (2.4)
In both cases, | 0 > stands for the vacuum in the chiral limit and in the absence of electro-
magnetism, | 0 >= |Ω > |M=0,e=0. The matrices λa/2 are the generators of the corresponding
SU(Nf ) flavour group. The covariant derivative dµ, defined as
dµU = ∂µU − i(vµ +QRAµ + aµ)U + iU(vµ +QLAµ − aµ) , (2.5)
and the last term of (2.2) contain the “spurions” QaL(x) and Q
a
R(x), which play the role of
sources for insertions, into the QCD Green’s functions, of the electromagnetic vertex opera-
tors Aµq¯L (λ
a/2)γµ qL and Aµq¯R (λ
a/2)γµ qR, respectively. The low energy constant C gives an
electromagnetic contribution to the charged pseudoscalar masses, for instance,
M2π0 = (mu +md)B ,
M2π± = (mu +md)B + 2C ·
e2
F 2
, (2.6)
which yields
Z ≡ C
F 4
=
M2π± −M2π0
2e2F 2
. (2.7)
For F = 92.4 MeV1, this gives Z=0.8. Alternatively, C is given by the same correlator as in
(2.4), convoluted with the free photon propagator function,
C δab =
1
2
∫
d4xDµν(x) < 0 | T{(q¯LγµλaqL)(x)(q¯RγνλbqR)(0)} | 0 > . (2.8)
Finally, the penultimate term of (2.2) acts as a gauge fixing. Notice that C is independent of
the gauge parameter a, since the correlator in (2.8), involving conserved currents, is transverse.
Since this correlator itself is an order parameter of spontaneous breakdown of chiral symmetry,
it has a smooth behaviour at short distances. This in turn allows to convert the representations
(2.4) and (2.8) into sum rules [31, 32] via unsubtracted dispersion relations. Upon saturating
these sum rules with resonances, this yields an independent evaluation of C which is compatible
with the number given above [32, 19, 33]. For our purposes, the leading order determination
(2.7) will be sufficient.
1Since in this Section we work at lowest order, we identify F with the pion decay constant Fpi = 92.4 MeV
[30].
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In fact, for the two flavour case, the splitting of the pion masses is the only direct effect
induced by the presence of C. This is best seen in the so called σ-model parametrization of the
field U ,
U =
√
1− 〈 φ2 〉/2F 2 + i φ
F
with φ =
 π0 , −√2π+√
2π− , −π0
 , (2.9)
in which the last term of (2.2) gives no interaction vertices for QL(x) = QR(x) = Q, with
Q=e×diag(2
3
,−1
3
) the two flavour charge matrix,
C 〈QUQU+ 〉 = 2C · e
2
F 2
· π+π− . (2.10)
This means that if we introduce the “isotriplet” states | πa(Ma, ~p) >, a = 1, 2, 3 (we use the
Condon-Shortley phase convention),
| π1(Mπ± , ~p) > = − 1√
2
( | π+(Mπ± , ~p) > + | π−(Mπ±, ~p) > ) ,
| π2(Mπ± , ~p) > = i√
2
( | π+(Mπ±, ~p) > − | π−(Mπ±, ~p) > ) ,
| π3(Mπ0 , ~p) > = | π0(Mπ0 , ~p) > , (2.11)
the amplitudes Aab;cd(s, t, u) for the processes πaπb → πcπd are expressed, after subtraction of
the one photon exchange Born terms, by means of a single amplitude,
Aab;cd(s, t, u) = { A(s|t, u)δabδcd + perm } + O(e2p2, e4) , (2.12)
where, as in the absence of electromagnetism,
A(s|t, u) = s− 2m̂B
F 2
(2.13)
at lowest order, with m̂ = 1
2
(mu + md). Several remarks are in order at this point. First,
the observations contained in Eqs. (2.10), (2.12) and (2.13) were made previously by several
authors (see e.g. [34] and references therein). Second, we have added a contribution O(e2p2, e4)
in (2.12) to indicate that this representation might not be maintained once next-to-leading
electromagnetic corrections are taken into account, even after suitable subtraction of the long
range one photon exchange contributions. We shall come back to this point in the following
Section. Finally, at first sight the representation (2.12) suggests that the leading electromag-
netic corrections induced by the last term in (2.2) do not lead to isospin violations in π − π
scattering. However, and as explicitly indicated by the notation in (2.11), the “isotriplet” states
have unequal masses, and these mass differences lead to isospin breaking contributions to the
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amplitudes (for instance, the thresholds of various reactions can be distinct). Considering the
S-wave scattering lengths, we write
a0(00; 00) =
1
3
(a00)str +
2
3
(a20)str + ∆a0(00; 00)
a0(+0;+0) =
1
2
(a20)str + ∆a0(+0;+0)
a0(+−; 00) = −13(a00)str + 13(a20)str + ∆a0(+−; 00)
a0(+−; +−) = 13(a00)str + 16(a20)str + ∆a0(+−; +−)
a0(++;++) = (a
2
0)str + ∆a0(++;++) , (2.14)
where (a00)str and (a
2
0)str denote the strong isospin I = 0 and I = 2 S-wave scattering lengths in
the absence of electromagnetic corrections, and ∆a0(ab; cd) are the corresponding corrections
induced by electromagnetic effects. At lowest order, one has (a00)str = 7M
2
π/32πF
2 and (a20)str =
−M2π/16πF 2, where Mπ denotes the leading order pion mass for e = 0, i.e. M2π = 2m̂B. From
the expressions (2.6), Mπ should therefore be identified with Mπ0 at this order. However,
it has become customary to quote the values of the lowest order S-wave scattering lengths,
obtained by Weinberg more than thirty years ago [12], with the value of the charged pion mass
Mπ± = 139.57 MeV [30] assigned to Mπ, i.e.
(a00)str =
7M2π±
32πF 2
= 0.16 , (a20)str = −
M2π±
16πF 2
= −0.045 . (2.15)
Adopting this definition, we obtain the following values for the shifts in the S-wave scattering
lengths (∆π ≡M2π± −M2π0) :
∆a0(00; 00) = − ∆π
32πF 2
(−6.4%)
∆a0(+0;+0) =
∆π
32πF 2
(+6.4%)
∆a0(+−; 00) = − ∆π
32πF 2
(−2.1%)
∆a0(+−; +−) = ∆π
16πF 2
(+6.4%)
∆a0(++;++) =
∆π
16πF 2
(+6.4%) .
(2.16)
The absolute variation is at most ∆π/16πF
2 = 0.003. The relative variations are shown between
parentheses. Furthermore, the scattering lengths of the four amplitudes which involve at least
one pair of charged pions satisfy the usual isospin relations. In order to make this apparent,
we introduce the modified scattering lengths
a00 ≡ (a00)str + 5
∆π
32πF 2
= 0.166
a20 ≡ (a20)str +
∆π
16πF 2
= −0.042 , (2.17)
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and obtain
a0(00; 00) =
1
3
a00 +
2
3
a20 −
∆π
8πF 2
a0(+0;+0) =
1
2
a20
a0(+−; 00) = −13a00 + 13a20
a0(+−; +−) = 13a00 + 16a20
a0(++;++) = a
2
0 . (2.18)
Thus, at leading order, we can distinguish two consequences of electromagnetic interactions for
the π − π scattering lengths : A shift in the strong S-wave isospin scattering lengths (aI0)str,
described by Eq. (2.17), and an additional explicit isospin breaking contribution to a0(00; 00)
in Eq. (2.18). These corrections to the scattering lengths are comparable in magnitude to the
pure strong interaction two loop effects as evaluated in the recent literature [8, 10].
The expressions (2.16) above disagree with those obtained by Maltman and Wolfe in Ref.
[29]. Of course, on general grounds [35] the result (2.16) does not depend on whether one uses
the parametrization (2.9) or the exponential parametrization
U = eiφ/F , (2.19)
as Maltman and Wolfe do. Rather, these authors have not taken into account the isospin
violating contributions that come from the first term of (2.2) via the mass difference between
charged and neutral pions. Therefore, their expressions for the leading order electromagnetic
corrections to the scattering lengths are not correct.
Interestingly enough, at the same order, the relation (2.12) also holds in the generalized
case2, and with the same expression (2.13) for A(s|t, u). The difference with the standard case
comes from the fact that 2m̂B no longer represents, for e = 0, the only contribution to the pion
mass even at leading order. Instead, one has
2m̂B
M2π
=
4− α
3
, (2.20)
where the parameter α (which is not related to e2/4π !) varies between 1, the standard case
of a strong condensate, and 4, the extreme case where the condensate would vanish3. Corre-
spondingly, the leading order S-wave scattering lengths become [4], for e = 0,
(a00)str =
1
96π
M2π±
F 2
(5α+ 16) , (a20)str =
1
48π
M2π±
F 2
(α− 4) . (2.21)
2J. Stern, private communication.
3Within the SU(3) framework, α can be related to the quark mass ratio ms/m̂ [7] : α = 1 corresponds to
the standard value ms/m̂ = 25.9 at leading order [15, 18], whereas for α = 4, the quark mass ratio drops to
ms/m̂ = 6.3 [4].
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However, the result (2.18) for the scattering lengths holds as it stands, provided the definition
of the corrected isospin scattering lengths is suitably modified to read
a00 ≡ (a00)str + 53 (4− α)
∆π
32πF 2
,
a20 ≡ (a20)str + 23 (4− α)
∆π
32πF 2
. (2.22)
As the condensate becomes weaker (i.e. as α grows towards 4), the magnitude of the correction
induced by electromagnetic effects in the scattering lengths aI0 decreases, while the explicit
isospin breaking component of a0(00; 00) is not affected by the size of the condensate.
We conclude therefore that electromagnetic corrections to the S-wave scattering lengths
are sizeable at leading order. Whereas they remain small as compared to the one loop strong
interaction corrections, they are of the same order of magnitude than the two loop corrections
[7, 8, 10]. In the sequel, we shall investigate how these numbers are affected by next-to-leading
corrections. Our study will henceforth be limited to the standard case.
3 The Generating Functional to One Loop
In this Section, we construct to one loop order the generating functional Z(vµ, aµ, s, p, QL, QR)
in the presence of electromagnetic interactions.
At next-to-leading order, this generating functional involves one loop graphs with vertices
from L(2), and tree graphs with vertices from L(2) and at most one vertex from the next-to-
leading effective lagrangian4
L(4) = Lp4 + Le2p2 + Le4 . (3.1)
The first term contains the purely QCD low energy interactions among the pseudoscalar mesons.
In the case of two flavours and for e = 0, its expression was given in Ref. [14]. In the presence
of electromagnetic interactions, it reads5 :
Lp4 = l1
4
〈 dµU+dµU 〉2 + l2
4
〈 dµU+dνU 〉 〈 dµU+dνU 〉
+
l3
16
〈χ+U + U+χ 〉2 + l4
4
〈 dµU+dµχ+ dµχ+dµU 〉
4This decomposition of L(4) corresponds to the minimal number of sourcesQL,R involved. Terms proportional
to the electric charge e are also present in Lp4 via, for instance, the covariant derivative dµ.
5We use here the SU(2)×SU(2) formalism, rather than the O(4) formalism of [14], particular to the two
flavour case. We also omit the Wess-Zumino term, which describes anomalous couplings between photons and
pions (for a review, see [36]).
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+ l5 〈GRµνUGLµνU+ 〉 +
il6
2
〈GRµνdµUdνU+ +GLµνdµU+dνU 〉
− l7
16
〈χ+U − U+χ 〉2 + 1
4
(h1 + h3) 〈χ+χ 〉
+
1
2
(h1 − h3)Re(detχ) − h2 〈GRµνGRµν +GLµνGLµν 〉 . (3.2)
For the definition of the quantities GR,Lµν , we refer the reader to Eqs. (A.6) and (A.13) of the
Appendix.
The loop graphs with vertices from L(2) generate divergences, which are absorbed into
the renormalization of the low energy constants of L(4). In order to compute these divergent
pieces, one may evaluate, for an arbitrary number of space-time dimensions d, the functional
determinant of the quadratic part of the quantum fluctuations of the pion and photon fields
around their classical configurations in the presence of the external sources (see Ref. [20] and
the Appendix). For our purposes, we need only to consider the two flavour case (the relevant
expressions for Nf arbitrary can be found in the Appendix), and with the sources QL(x) and
QR(x) put to their constant value,
QL(x) = QR(x) = Q , Q ≡ e× diag (2
3
,−1
3
) . (3.3)
Furthermore, unless otherwise stated, from now on we restrict ourselves to the Feynman gauge
a = 1. Upon using the identity
〈Q 〉2 = 1
5
〈Q2 〉 , (3.4)
we then obtain, from the expressions (A.9) and (A.14) of the Appendix,
Zone loop, div = − 1
16π2
1
d− 4
∫
d4x{
1
12
〈 dµU+dµU 〉2 + 1
6
〈dµU+dνU 〉 〈 dµU+dνU 〉
− 1
32
〈χ+U + U+χ 〉2 + 1
2
〈 dµU+dµχ+ dµχ+dµU 〉
−1
6
〈GRµνUGLµνU+ 〉 −
i
6
〈GRµνdµUdνU+ +GLµνdµU+dνU 〉
+
1
2
〈χ+χ 〉 − 1
12
〈GRµνGRµν + GLµνGLµν 〉+Re(detχ)
+
1
30
〈Q2 〉F µνFµν
−
(
27
20
+
Z
5
)
F 2 〈 dµU+dµU 〉 〈Q2 〉+ 2ZF 2 〈 dµU+dµU 〉〈QUQU+ 〉
−3F
2
4
( 〈 dµU+QU 〉 〈 dµU+QU 〉 + 〈 dµU+QU+ 〉 〈 dµUQU+ 〉 )
+2ZF 2 〈 dµU+QU 〉 〈 dµUQU+ 〉
9
−
(
1
4
+
Z
5
)
F 2 〈χ+U + U+χ 〉 〈Q2 〉
+
(
1
4
+ 2Z
)
F 2 〈χ+U + U+χ 〉 〈QUQU+ 〉
+
(
1
8
− Z
)
F 2 〈 (χU+ − Uχ+)QUQU+ + (χ+U − U+χ)QU+QU 〉
+
F 2
4
〈 dµU+[(cµRQ), Q]U + dµU [(cµLQ), Q]U+ 〉
+
(
3
2
+ 3Z + 12Z2
)
F 4 〈QUQU+ 〉2
−
(
3 +
3Z
5
+
12Z2
5
)
F 4 〈QUQU+ 〉 〈Q2 〉
+
(
3
2
− 12Z
5
+
84Z2
25
)
F 4 〈Q2 〉2
}
. (3.5)
The covariant derivatives (cµR,LQ) are defined in the Appendix, Eq. (A.12).
The complete list of possible counterterms in Le2p2 and Le4 was given for Nf = 3 in Refs.
[20, 21]. For Nf = 2, the number of possibilities decreases, due to additional trace identities
for products of 2×2 matrices. In the simpler situation described by (3.3) and (3.4), we find :
Le2p2 = F 2 { k1 〈 dµU+dµU 〉 〈Q2 〉
+k2 〈 dµU+dµU 〉〈QUQU+ 〉
+k3 ( 〈 dµU+QU 〉 〈 dµU+QU 〉 + 〈 dµUQU+ 〉 〈 dµUQU+ 〉 )
+k4 〈 dµU+QU 〉 〈 dµUQU+ 〉
+k5 〈χ+U + U+χ 〉 〈Q2 〉
+k6 〈χ+U + U+χ 〉 〈QUQU+ 〉
+k7 〈 (χU+ + Uχ+)Q+ (χ+U + U+χ)Q 〉 〈Q 〉
+k8 〈 (χU+ − Uχ+)QUQU+ + (χ+U − U+χ)QU+QU 〉
+k9 〈 dµU+[(cµRQ), Q]U + dµU [(cµLQ), Q]U+ 〉
+k10 〈 (cµRQ)U(cLµQ)U+ 〉
+k11 〈 (cRQ) · (cRQ) + (cLQ) · (cLQ) 〉 } , (3.6)
and
Le4 = F 4 { k12 〈Q2 〉2 + k13 〈QUQU+ 〉 〈Q2 〉 + k14 〈QUQU+〉2 } . (3.7)
In the large NC limit, the constants ki are of order O(1) for i = 1, ...11, and of order O(1/NC)
for i = 12, 13, 14. One combination of these constants is Zweig rule suppressed,
k5 + k6 − 4
5
k7 ∼ O(1/NC) . (3.8)
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The renormalization of the low energy constants of L(4) is given as
li = l
r
i (µ) + γiλ i = 1, . . . 7 ,
hi = h
r
i (µ) + δiλ i = 1, 2, 3 ,
ki = k
r
i (µ) + σiλ i = 1, . . . 14 , (3.9)
with
λ =
µd−4
16π2
(
1
d− 4 −
1
2
[ln 4π + Γ′(1) + 1]
)
. (3.10)
The coefficients γi and δi were computed in [14], and can be read off from Eq. (3.5), which in
addition yields
σ1 = −2720 − 15Z, σ2 = 2Z, σ3 = −34 ,
σ4 = 2Z, σ5 = −14 − 15Z, σ6 = 14 + 2Z,
σ7 = 0, σ8 =
1
8
− Z, σ9 = 14 ,
σ10 = 0, σ11 = 0,
σ12 =
3
2
− 12
5
Z + 84
25
Z2, σ13 = −3 − 35Z − 125 Z2, σ14 = 32 + 3Z + 12Z2 .
(3.11)
Up to a reshuffling of the indices6 of the low energy constants ki, the list (3.6) and (3.7)
coincides with the one given by the authors of Ref. [22], except for the counterterm multiplied by
k7, which they have omitted. This term, however, cannot be rewritten as a linear combination
of the remaining structures that appear in Le2p2, and must therefore be included, even if k7
turns out not to be renormalized. In order to illustrate this point, we consider isospin breaking
in the light quark condensates, which appears only at next-to-leading order, but receives no
contributions from the pion loops,
< Ω | u¯u − d¯d |Ω > = 4(md −mu)B2h3 + 8
3
e2F 2Bk7 . (3.12)
For e = 0, the result involves only the “high energy” constant h3 [14], which is a convention
dependent short distance subtraction. In the chiral limit (or, to that order, for mu = md) and
with e 6= 0, the isospin violation in the condensates is given solely by the constant k7. Both h3
and k7 are finite, δ3 = σ7 = 0, but, in contrast to the former, k7 is an order parameter for the
spontaneous breakdown of the SU(2)×SU(2) chiral symmetry.
As far as the remaining ki’s are concerned, Ref. [22] also shows some discrepancies with
our values of the renormalization factors σi. In a subsequent version [23], its authors brought
their findings into agreement with our results (3.11). Finally, the divergent part (3.5) contains a
renormalization of the Maxwell Lagrangian of the photon, which was not mentioned in [22, 23].
6We have numbered our ki’s such as to make the correspondance with the SU(3) counterterms Ki of [20, 21]
easier.
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As a second application, we also give the expressions of the pion masses at next-to-leading
order,
M2π0 = 2m̂B
{
1 +
2M2π0
F 2
lr3(µ) + e
2Krπ0(µ) +
M2π±
16π2F 2
ln
(
M2π±
µ2
)
− M
2
π0
32π2F 2
ln
(
M2π0
µ2
) }
−2B
2
F 2
(md −mu)2 l7 − 8
3
B(md −mu)e2 k7
M2π± = 2m̂B
{
1 +
e2
4π2
+
2M2π0
F 2
lr3(µ) + e
2Krπ±(µ) +
M2π0
32π2F 2
ln
(
M2π0
µ2
) }
+2e2F 2
{
Z(1 +
e2
4π2
) + e2K′rπ±(µ)− (3 + 4Z)
M2π±
32π2F 2
ln
(
M2π±
µ2
) }
−8
3
B(md −mu)e2 k7 (3.13)
with
Krπ0 = −
20
9
[ kr1 + k
r
2 − 910(2kr3 − kr4)− kr5 − kr6 − 15k7 ]
Krπ± = −
20
9
[ kr1 + k
r
2 − kr5 − 15(23kr6 + k7 + 18kr8) ]
K′rπ± = −
10
9
[ 2Z(kr1 + k
r
2)− 12kr13 − kr14 ] . (3.14)
As expected, these expressions turn out to be independent of the choice of the renormalization
scale µ, which provides a non trivial check of the relations (3.11). The low energy constants
l7 and k7 induce corrections of the type (md − mu)2 and (md − mu)e2, respectively. While
the latter do not contribute to the difference M2π± −M2π0 , the former have been estimated in
[15, 14] and were found to be negligible as compared to the leading order electromagnetic mass
difference (2.6). If, on the basis of naive dimensional analysis, we assume an upper bound on
the various constants kri (µ) at the scale µ = Mρ,
| kri (Mρ) | <∼
1
16π2
, (3.15)
we obtain
e2 | Krπ0(Mρ) | <∼ 0.9× 10−2
e2 | Krπ±(Mρ) | <∼ 1.5× 10−2
e2 | K′rπ±(Mρ) | <∼ 0.3× 10−2 , (3.16)
so that the corrections of order O(e2m̂) and O(e4) to the pion masses turn out to be numerically
small. They are, for instance, comparable to the error on the O(m̂2) corrections generated by
12
the uncertainty assigned to l¯3 in [14], viz. l¯3 = 2.9±2.4 or (2M2π0/F 2) lr3(Mρ) = (0.4±1.6)×10−2.
More elaborate statements require more information on the values of the constants ki. In the
present paper, since we are mainly interested in assessing the expected order of magnitude of
electromagnetic corrections, we shall be content with the cruder estimate (3.15).
Before we turn to π−π scattering, we should like to stress that the result (3.11) only holds
in the Feynman gauge a = 1. In general, the low energy constants ki, and thus their divergences,
depend on the choice of gauge. This gauge dependence has been displayed explicitly for some
of the SU(3) counterterms Ki of [20, 21] in Ref. [33], but a systematic investigation has not
been undertaken so far. Such a calculation would, for instance, be useful to check that the
expressions for physical quantities, like the pion masses above, are not only scale independent,
but indeed also gauge invariant.
4 The One Loop π − π Scattering Amplitudes
In this Section, we compute the amplitudes for π0π0 → π0π0 and for π+π− → π0π0 scattering
at next-to-leading order in the presence of electromagnetic interactions and for mu = md. The
amplitudes involving charged pions only are however not considered here.
For the process π0π0 → π0π0, the only differences with the calculation in the absence
of electromagnetic interactions [14] consist in taking into account the contributions from the
counterterms of Le2p2 (those of Le4 do not contribute here) and in keeping track of the masses
of the pions in the internal lines of the loop graphs. The amplitude is then given by [22]
A00;00(s, t, u) =
M2π0
F 2
{
1 − M
2
π0
32π2F 2
(3l¯3 + 1) +
M2π0 + 2M
2
π±
16π2F 2
Lπ +
e2
32π2
K00
}
+
1
48π2F 4
(l¯1 + 2l¯2 − 3Lπ − 3) [ (s− 2M2π0)2 + (t− 2M2π0)2 + (u− 2M2π0)2 ]
+
1
F 4
[(s−M2π0)2J¯+−(s) + (t−M2π0)2J¯+−(t) + (u−M2π0)2J¯+−(u) ]
+
M4π0
2F 4
[ J¯00(s) + J¯00(t) + J¯00(u) ] , (4.1)
where we have set
K00 = (3 + 4Z
9
)k¯1 − 40Z
9
k¯2 − 3k¯3 − 4Zk¯4 , (4.2)
with
kri (µ) =
σi
32π2
(
k¯i + ln
M2π0
µ2
)
, i 6= 7 , (4.3)
and
Lπ = ln
M2π±
M2π0
. (4.4)
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The loop functions J¯PQ are as defined in [18] (see also the Appendix). The subscript identifies
the charges, and therefore the masses, of the two pions in the loop. As observed in [22], the
contribution of the electromagnetic counterterms can be eliminated upon replacing F by the
neutral pion decay constant Fπ0
7,
Fπ0 = F
{
1 − e
2
32π2
[ (3+
4Z
9
)k¯1− 40Z
9
k¯2−3k¯3−4Zk¯4 ] + M
2
π0
16π2F 2
l¯4 − M
2
π±
16π2F 2
Lπ
}
, (4.5)
which describes the coupling of π0 to the axial current,
< Ω | 1
2
(u¯γµγ5u− d¯γµγ5d)(0) | π0(p) > = ipµ Fπ0 , (4.6)
for mu = md. However, since there is no accurate determination of this matrix element [30],
this substitution is of little avail in practice. Instead, we shall use the charged pion decay
constant Fπ in the absence of electromagnetism, defined as
< Ω | (u¯γµγ5d)(0) | π−(p) > |e=0 = i
√
2 pµ Fπ , (4.7)
with the value Fπ = 92.4 MeV [37, 38, 39] as extracted from the πℓ2(γ) decay rate
8, and the
relation to F given by [14]
Fπ = F
{
1 +
M2π0
16π2F 2
l¯4
}
. (4.8)
In the case of the process π+(p1)π
−(p2) → π0(k1)π0(k2), one has to consider in addition
loops with virtual photons. These affect the wave function renormalization of the charged
pions and introduce a long range component into the scattering amplitude through the vertex
correction graph of Fig. 1. With the Condon-Shortley phase convention, the amplitude reads
A+−;00(s, t, u) = − s−M
2
π0
F 2
− B(s, t, u) − C(s, t, u) , (4.9)
Figure 1 : The one photon exchange electromagnetic correction to the strong vertex.
7The coefficient of Lpi differs by a factor of two from the corresponding expression in [22].
8This extraction itself is not without ambiguities. In order to fix these, a more extended framework, allowing
for a full treatment of radiative corrections in the semileptonic decays of the pseudoscalar mesons, is required.
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where B(s, t, u) represents the unitarity corrections
B(s, t, u) =
s−M2π0
F 4
{
M2π0
2
J¯00(s) +
(
s
2
+ 2∆π − e2F 2
)
J¯+−(s)
−e2F 2 (2s− 4M2π±)G+−γ(s)
}
+
1
12F 4
{
3
[
t− 2M2π± +
∆2π
t
]2
+
λ(t,M2π±,M
2
π0)
t2
[
∆2π + t(s− u)
]}
J¯+0(t)
+
1
12F 4
{
3
[
u− 2M2π± +
∆2π
u
]2
+
λ(u,M2π±,M
2
π0)
u2
[
∆2π + u(s− t)
] }
J¯+0(u) , (4.10)
whereas the contributions from O(p4) tree and tadpole graphs have been collected in C(s, t, u)
(Σπ = M
2
π± +M
2
π0),
C(s, t, u) =
s−M2π0
32π2F 4
{
− Σπ
3
− 4∆π − Lπ
∆π
(
4M4π± − 7M2π0M2π± + 5M4π0
)
+e2F 2
[
2 + (3 +
4Z
9
)k¯1 +
32Z
9
k¯2 + 3k¯3 + 4Zk¯4 − 6Lπ + 4 lnM
2
π±
m2γ
] }
− M
2
π0
32π2F 4
{
M2π±
3
− 10M
2
π0
9
− Lπ
∆π
Σπ
(
2M2π± −M2π0
)
+M2π0 l¯3
+e2F 2
[
8Zk¯2 + 3k¯3 + 4Zk¯4 − 2(1 + 8Z)k¯6 − (1− 8Z)k¯8
]
+
M4π±
24π2F 4
(
1
3
+ Lπ)− ∆π
96π2F 4
(
1
t
+
1
u
)
(Σπ∆π − 2M2π0M2π±Lπ)
− 1
48π2F 4
{
1
6
( 11s2 − t2 − u2 ) + Lπ
∆π
[ (
M2π± −
3
2
M2π0
)
s2 +M2π± (t
2 + u2)
] }
+
1
48π2F 4
l¯1 (s− 2M2π0)(s− 2M2π±)
+
1
48π2F 4
l¯2
[
(t− Σπ)2 + (u− Σπ)2
]
. (4.11)
The loop function G+−γ(s) involves three propagators, and comes from the Feynman
graph of Fig. 1,
G+−γ(s) = −i
∫
d4q
(2π)4
1
(q2 −m2γ)(q2 − 2q · p1)(q2 + 2q · p2)
. (4.12)
While being ultraviolet finite, this function develops an infrared singularity as the photon mass
mγ is sent to zero. In order to display this singularity, we express the function G+−γ(s) in
terms of the dilogarithm or Spence function Li2(x) (see the Appendix). For s > 4M
2
π±, and for
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mγ → 0, it is given as follows :
G+−γ(s) = − 1
32π2sσ
{
4 Li2
(
1− σ
1 + σ
)
+
4π2
3
+ ln2
(
1− σ
1 + σ
)
+2
[
ln
(
s
M2π±
)
− ln
(
m2γ
M2π±
)
+ 2 ln(σ)
] [
ln
(
1− σ
1 + σ
)
+ iπ
] }
, (4.13)
where
σ =
√
1− 4M
2
π±
s
. (4.14)
Both the real and imaginary parts of G+−γ(s) diverge at threshold. Another infrared singular
piece, coming from the wave function renormalization of the charged pions, appears in C(s, t, u).
As is well known, in order to obtain an infrared finite cross section, one has to consider the
processes with emissions of soft photons. This question will be addressed in the next Section.
For the moment, we furthermore notice that both B(s, t, u) and C(s, t, u) contain terms which
involve inverse powers of the Mandelstam variables t and u, and whose coefficients vanish in
the limit where the neutral and charged pion masses become equal. In fact, the coefficient of
these terms in C(s, t, u) is rather small : Expanding the logarithm Lπ in powers of ∆π, one has
Σπ∆π − 2M2π0M2π±Lπ =
M4π0
3
·
(
∆π
M2π0
)3 [
1 + O
(
∆π
M2π0
)]
, (4.15)
which yields a negligible contribution even near threshold, where t ∼ u ∼ −∆π. Keeping only
terms which are at most of order ∆2π/M
4
π0, the expression of C(s, t, u) simplifies somewhat
C(s, t, u) =
s−M2π0
32π2F 4
(
−4M2π0 − 7∆π −
23
6
∆2π
M2π0
+ e2F 2(K±01 + 2) + 4e2F 2 ln
M2π±
m2γ
)
− M
2
π0
32π2F 4
(
M2π0 (l¯3 − 1)− 3∆π −
29
18
∆2π
M2π0
+ e2F 2K±02
)
+
1
48π2F 4
(
l¯1 − 4
3
− 5
4
∆π
M2π0
+
2
3
∆2π
M4π0
)
(s− 2M2π0)(s− 2M2π±)
+
1
48π2F 4
(
l¯2 − 5
6
− 1
2
∆π
M2π0
+
1
6
∆2π
M4π0
) [
(t− Σπ)2 + (u− Σπ)2
]
, (4.16)
with
K±01 = (3 +
4Z
9
)k¯1 +
32Z
9
k¯2 + 3k¯3 + 4Zk¯4 − 6Lπ ,
K±02 = 8Zk¯2 + 3k¯3 + 4Zk¯4 − 2(1 + 8Z)k¯6 − (1− 8Z)k¯8 . (4.17)
In the sequel, we shall always neglect terms which are smaller than ∆2π/M
4
π0 or than e
2∆π/M
2
π0.
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As far as the representation (2.12) is concerned, if it were still correct at next-to-leading
order, it would entail the following relation among the two amplitudes we have obtained above :
− A00;00(s, t, u) = A+−;00(s, t, u) + A+−;00(t, u, s) + A+−;00(u, s, t) , (4.18)
once the one photon exchange and infrared singular contributions have been subtracted from the
amplitude A+−;00(s, t, u). Even without figuring out how to perform this step in an unambiguous
way at the present stage, it is clear that such a relation cannot hold : Not only are the unitarity
corrections due to two pion intermediate states different from what the relation (4.18) would
require, but also the contributions of the electromagnetic counterterms at order O(e2m̂) do
not satisfy this relation. If one considers in addition the scattering amplitudes involving four
charged pions, one can easily see, even without doing a full calculation, that they will involve
the constant k14 of Le4, which does not contribute to the amplitudes involving neutral pions
or to the masses. Therefore, we conclude that the representation (2.12) in terms of a single
amplitude A(s|t, u) is violated by next-to-leading corrections both of order O(e2p2) and of order
O(e4). The meaning to be assigned to the amplitude defined by Eqs. (22), (23) and (24) of
Ref. [22] thus remains unclear to us.
More than twenty years ago, Roig and Swift [27] had already investigated electromagnetic
corrections of order O(e2p2) to the π − π scattering amplitudes. Their approach was not
systematic from the point of view adopted in the present article : the pion loops and the pion
mass difference were not taken into account. Thus, up to the Born terms, only the photon loop
induced wave function renormalization of charged pions and vertex correction graphs of the
type shown in Fig. 1 were included in their calculation. Their claim, however, was that the
resulting amplitudes were all finite. We have checked that this is not the case for π+π− → π0π0
(the same conclusion was reached independently in Ref. [28]). Working within the framework
adopted by Roig and Swift, we obtain (now in an arbitrary gauge a)
A+−;00RS (s, t, u) = −
s−M2π±
F 2
{
1 +
e2
16π2
− 2e2(s−M2π±)G+−γ(s)− e2J¯+−(s)
− e
2
16π2
[
3 ln
(
M2π±
µ2
)
− 2 ln
(
M2π±
m2γ
) ]
− 6e2λ
}
. (4.19)
Thus, although we end up with a gauge invariant result, it however diverges as d → 4. This
disease is cured by the counterterms ki. We have also checked that the amplitudes involving
four charged pions are divergent in the framework of Ref. [27]. Thus, omitting the contributions
of the electromagnetic counterterms to the scattering amplitudes does not lead to a consistent
result.
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5 Scattering Lengths
Evaluating the amplitude (4.1) at threshold, s = 4M2π0 , t = u = 0, we obtain the following
expression for the scattering length,
a0(00; 00) =
M2π0
32πF 2π
{
1 +
M2π0
32π2F 2π
[
8l¯1+16l¯2−3l¯3+4l¯4+13 + 18 ∆π
M2π0
+
∆2π
M4π0
]
+
e2
32π2
K00
}
,
(5.1)
where we have neglected terms of order ∆3π/M
6
π0 and beyond. At next-to-leading order, M
2
π
coincides neither with M2π± nor with M
2
π0 for e 6= 0. We shall define the correction ∆a0(00; 00)
as in Section 1, Eq. (2.14), but now with [14]
(a00)str =
7M2π±
32πF 2π
{
1 +
5
84π2
M2π±
F 2π
[
l¯1 + 2l¯2 − 3
8
l¯3 +
21
10
l¯4 +
21
8
] }
= 0.20± 0.01 (5.2)
(a20)str = −
M2π±
16πF 2π
{
1− 1
12π2
M2π±
F 2π
[
l¯1 + 2l¯2 − 3
8
l¯3 − 3
2
l¯4 +
3
8
] }
= −0.043± 0.004.
For the numerical evaluations, we use the central values of the low energy constants l¯i that were
given in [14], l¯1 = −2.3 ± 3.7, l¯2 = 6.0 ± 1.3, l¯3 = 2.9 ± 2.4, l¯4 = 4.3± 0.9. With the estimate
(3.15), we find
e2F 2π
M2π0
K00 = 1.0± 0.9 ,
e2F 2π
M2π0
K±01 = 1.8± 0.9 ,
e2F 2π
M2π0
K±02 = 0.5± 2.2 . (5.3)
and
∆a0(00; 00) = (−3.2 ± 0.1)× 10−3 , (5.4)
which corresponds to a relative variation of −8% as compared to the one loop value a0(00; 00)|str
= −0.039 obtained in the absence of electromagnetism. We see also that the contribution of
the counterterms kri to the correction, which is reflected by the uncertainty in (5.4), is very
small, and would remain so even if the estimate (3.15) turned out to be wrong by a factor of
two or three.
As we have mentioned earlier, the amplitude for π+π− → π0π0 contains an infrared
divergent contribution generated by the long range electromagnetic interactions between the
incoming charged pions and by their wave function renormalization. The threshold expansion
of the real part of the above amplitude takes the following form (q denotes the momentum of
the charged pions in the center of mass frame)
ReA+−;00(s, t, u) = −4M
2
π± −M2π0
F 2π
· e
2
16
· Mπ±
q
+ReA+−;00thr +O(q) , (5.5)
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with
ReA+−;00thr = 32π
[
−1
3
(a00)str +
1
3
(a20)str
]
− ∆π
F 2π
+
e2M2π0
32π2F 2π
( 30− 3K±01 +K±02 )
− ∆π
48π2F 4π
[M2π0(1 + 4l¯1 + 3l¯3 − 12l¯4)− 6F 2πe2(10−K±01 ) ]
+
∆2π
480π2F 4π
[ 212− 40l¯1 − 15l¯3 + 180l¯4 ] . (5.6)
For the amplitude of the reaction π+π0 → π+π0, the corresponding expressions read
ReA+0;+0(s, t, u) = ReA+0;+0thr +O(q) , (5.7)
and
ReA+0;+0thr = 16π (a
2
0)str +
∆π
F 2π
− e
2M2π0
32π2F 2π
( 2 +K±01 +K±02 )
−M
2
π0∆π
48π2F 4π
[ 9 + 4l¯1 + 8l¯2 − 3l¯3 − 12l¯4 ]
+
∆2π
288π2F 4π
[ 10− 24l¯1 − 48l¯2 + 9l¯3 + 36l¯4 ] . (5.8)
Numerically, we find
1
32π
ReA+−;00thr −
[
−1
3
(a00)str +
1
3
(a20)str
]
= (−1.2± 0.7)× 10−3 ,
1
32π
ReA+0;+0thr −
1
2
(a20)str = (1.3± 0.4)× 10−3 . (5.9)
The error bars reflect the naive dimensional estimates (3.15) of the contributions from the
low energy constants kri (Mρ), which again are rather small. Although the infrared singularity,
which contributes only to the terms of order O(q2) or higher, affects neither the constant terms
ReA+−;00thr and ReA
+0;+0
thr nor the long range part of the one photon exchange graph, scattering
lengths ought to be defined from infrared finite observables. In the remaining part of this
Section, we shall perform this last step in the case of the process π+π− → π0π0.
An infrared finite cross section is obtained if one takes into account the emission of soft
photons with energies below the detector resolution. At the order we are working, it is enough
to consider the emission of a single photon with the O(p2) π+π−π0π0 vertex taken from (2.2).
The corresponding amplitude reads
A+−;00γ =
e
F 2
[
(k1 + k2)
2 −M2π0
]
ǫµ(kγ)
{
(2p1 − kγ)µ
m2γ − 2p1 · kγ
− (2p2 − kγ)µ
m2γ − 2p2 · kγ
}
, (5.10)
where kγ and ǫµ(kγ) are the photon momentum and polarization, respectively. The infrared
finite cross section is then given by the sum
σtot(s; ∆E) = σ
+−;00(s) + σ+−;00γ(s; ∆E) , (5.11)
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with
σ+−;00(s) =
1
32πs
√√√√ s− 4M2π0
s− 4M2π±
× 1
2
∫
d(cos θ)
∣∣∣A+−;00 ∣∣∣2 (5.12)
being the cross section without emitted photon, whereas the cross section with one emitted
photon reads
σ+−;00γ(s; ∆E) = σ˜+−;00γ(s; ∆E)
− 1
64π3s
· e
2
F 4
·
√√√√ s− 4M2π0
s− 4M2π±
(s−M2π0)2
[
1 +
s− 2M2π±
sσ
ln
(
1− σ
1 + σ
) ]
ln
(
∆E
mγ
)
.(5.13)
The infrared finite piece σ˜+−;00γ(s; ∆E) involves an integration over the energy of the emitted
photon, which, in the present case, can be done analytically, and reads
σ˜+−;00γ = − 1
64π3s
· e
2
F 4
·
√√√√ s− 4M2π0
s− 4M2π±
{ [
1 +
s− 2M2π0
sσ
ln
(
1− σ
1 + σ
) ]
[F (s; ∆E)− F (s; 0)]
+ (s−M2π0)2
[
ln 2 +
1
2σ
ln
(
1− σ
1 + σ
) ] }
. (5.14)
The function F (s; ∆E) is given in the Appendix. The maximal energy ∆E of the undetected
photon is limited by the detector resolution ∆Edet or, for s close to threshold, by the available
phase space (in the present case, the maximal photon energy at threshold is ∆π/Mπ± = 9
MeV),
∆E = min (
s− 4M2π0
2
√
s
, ∆Edet ) . (5.15)
As seen from the above expressions, the infrared divergent pieces cancel in the sum (5.11).
Following Roig and Swift [27], we may define the scattering length a0(+−; 00) from the
threshold expansion of the infrared finite cross section σtot,
σtot =
1
32πs
√√√√ s− 4M2π0
s− 4M2π±
{
− 4M
2
π± −M2π0
F 2π
· e
2
16
· Mπ±
q
+ 32πa0(+−; 00) + O(q)
}2
. (5.16)
Notice that we have not expanded the ratio of the phase space by the flux factor in front of
σtot. Up to terms which are of higher order in the chiral expansion, the scattering length thus
defined reads
32πa0(+−; 00) = ReA+−;00thr −
e2
π2F 2π
(1− ln 2)
[
3
4
M2π0 −
1
2
∆π
]
, (5.17)
and does not depend on ∆E [27]. However, as compared to Eq. (5.6), it receives an additional
contribution, the second term on the right hand side of (5.17), which is specific to the infrared
finite observable σtot that we have considered here. Numerically, this represents only a tiny
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Figure 2 : From bottom to top, the pure strong interaction cross sections for π+π− → π0π0
at leading and at next-to-leading order, and the infrared finite radiative cross section σtot (in
millibarn) as a function of the center of mass energy (in MeV).
modification, and we obtain
∆a0(+−; 00) = (− 1.2± 0.7)× 10−3 , (5.18)
corresponding to a relative variation between −2.3% and −0.6% as compared to the one loop
value a0(+−; 00) = −0.082 for e = 0. Upon comparing Eqs. (5.4) and (5.18) with the values
obtained at leading order O(e2) in Section 2, Eq. (2.16), we conclude that the electromagnetic
shift in the scattering length a0(00; 00) including the O(e
2p2, e4) contributions is twice as large
as the leading order O(e2) effect, whereas the variation of a0(+−; 00) is not strongly affected
by next-to-leading order electromagnetic corrections.
Finally, we compare the total cross section σtot to the cross section for π
+π− → π0π0
scattering in the absence of electromagnetic interactions. The cross sections are shown in Fig.
2. We have taken a typical detector resolution of ∆E = 20 MeV. The thickness of the upper
curve shows the uncertainty induced by the estimate (3.15) of the counterterms of Le2p2. The
error coming from the uncertainties of the strong counterterms l¯1,2,3,4 are not shown. In Fig. 3,
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we show the ratio of σtot and of the one loop strong cross section with the leading order cross
section for e = 0. As one approaches the threshold, the long range Coulomb contribution and
the flux factor make the cross section diverge. Below 300 MeV, these two effects become more
important than the strong one loop corrections themselves.
280 300 320 3401
1.2
1.4
1.6
1.8
2
Figure 3 : The relative corrections to the leading order cross section with only strong inter-
action corrections (lower curve), and with electromagnetic effects included at next-to-leading
order (upper curve), as a function of the center of mass energy (in MeV).
6 Summary
In the present paper, electromagnetic corrections to low energy π − π scattering were
investigated at leading and next-to-leading order, within a systematic and consistent framework
[20, 21] which includes loops with virtual photons and combines the usual chiral expansion with
the expansion in powers of the electric charge.
At leading order, the only direct effect of the electromagnetic interaction between quarks
is the splitting between the masses of the charged and neutral pions. In particular, a single
amplitude allows to describe all the different π − π scattering channels at this order. All
the S-wave scattering lengths for the channels involving at least one pair of charged pions
can be expressed, as in the absence of electromagnetism, in terms of two suitaby redefined
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isospin scattering lengths a00 and a
2
0, Eq. (2.18). Only the expression for a0(00; 00) receives
an additional contribution, which explicitly breaks isospin symmetry. We have found that
numerically these corrections are comparable in magnitude to those induced at two loop level
by the strong interactions alone, as evaluated in Refs. [8, 10].
In order to obtain the π−π scattering amplitudes at next-to-leading order, we have com-
puted the generating functional in the presence of virtual photons to one loop in the two flavour
case. Its divergences (in the Feynman gauge) and the complete list of relevant counterterms
were given explicitly and compared to the results obtained recently in Refs. [22, 23]. Applica-
tions to the isospin breaking in the light quark condensates and to the pion masses were briefly
discussed. Upon using naive dimensional estimates for the electromagnetic counterterm, only
small corrections to the situation for e = 0 were obtained for the latter.
At next-to-leading order, the complete expression of the scattering amplitude with a pair
of charged pions has been worked out. The counterterms are required both to absorb the
divergences produced by the virtual photon loops, and to provide a gauge invariant result.
Actually, the second part of this statement was not checked explicitly. It would require that
the gauge dependence of the various low energy constants were analysed in detail. The S-wave
scattering lengths for the processes π0π0 → π0π0 and π+π− → π0π0 have been computed.
For the latter, a proper definition requires that one considers the process with the emission
of a single soft photon, in order to obtain an infrared finite cross section. The results for the
electromagnetic shifts in the scattering lengths at next-to-leading order,
∆a0(00; 00) = (−3.2 ± 0.1)× 10−3
∆a0(+−; 00) = (−1.2 ± 0.7)× 10−3 ,
confirm the conclusion reached at the end of the leading order analysis : Although these
numbers are small as compared to the corresponding values of the one loop strong scattering
lentghs, which are equal to a0(00; 00)|str = 0.039 and a0(+−; 00)|str = −0.082, respectively, the
electromagnetic corrections are however comparable in size to the two loop strong interaction
effects. In both cases the contributions from the counterterms ki, estimated as mentioned above,
are reflected by the uncertainties in these numbers and thus are seen to remain numerically
small. Although the analysis at next-to-leading order has been carried out in the standard case,
it is our feeling, based on the discussion at the end of Section 2, that the conclusion concerning
the size of electromagnetic corrections to the S-wave scattering lengths will also hold within
the generalized framework. Hopefully, an explicit calculation will confirm this expectation in
the future.
As a final remark, we ought to stress that the procedure followed in order to define the
scattering length a0(+−; 00) in Section 5 would be rather natural if we had direct experimental
access to π+− π− scattering. This, however, is not the case. Instead, one has to proceed along
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indirect ways, like for instance Kℓ4 decays. This process, involving also leptons, has radiative
corrections of its own, and which are only partly covered by the analysis we have presented
here. Thus, they require a specific treatment, which should preferably be done in a systematic
approach. This in turn means that the framework described in Sections 2 and 3 has to be
extended, in order to accomodate the leptons. This next step, however, is beyond the scope of
the present paper. Our purpose here was rather to assess the typical size of electromagnetic
corrections, given a sensible, but not necessarily unique, definition of scattering lengths, and
to exhibit, as illustrated in Figs. 2 and 3 for instance, some of the new features that emerge in
low energy π − π scattering once electromagnetic interactions are taken into account.
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Appendix
A1. Divergent Part of the One Loop Functional
At next-to-leading order, the generating functional is
eiZ(vµ,aµ,s,p,QL,QR) = N
∫
[dU ] [dAµ] e
i
∫
d4x{L(2)+L(4)}, (A.1)
where the integration over the fields is carried out in the one loop approximation. To evaluate
the divergent part of the one loop functional, we transform the lagrangian L(2) of (2.2) to
Euclidian spacetime, L(2) → L(2)E , and expand the fields U and Aµ around the classical solutions
U¯ and A¯µ of the equations of motion,
U = ueiξ/Fu = u
(
1+ i
ξ
F
− 1
2
ξ2
F
+ · · ·
)
u
= U¯ +
i
F
uξu− 1
2F 2
uξ2u+ · · ·
Aµ = A¯µ + ǫµ, (A.2)
where U¯ = u2, and ξ is a traceless hermitian matrix. We next insert the expansion (A.2) into
the action SE , and keep only the terms which are at most quadratic in the quantum fluctuations
of the meson and of the photon fields. Collecting these fluctuations in ηA, where A runs from
1 to N2f + 3, η = (ξ
1, . . . , ξN
2
f
−1, ǫ0, . . . , ǫ3) we obtain, at the one loop level,
SE |one loop = 1
2
∫
d4xE
{
ηA
(
−ΣµΣµδAB + ΛAB
)
ηB −
(
a− 1
a
)
ǫµ∂µ∂νǫν
}
, (A.3)
where Σµ and Λ
AB are (N2f + 3)× (N2f + 3) matrices,
Σµ = ∂µ1+

Γabµ X
aρ
µ
Xσbµ 0
 = ∂µ1+ Yµ,
Λ =

σab 1
2
γaρ
1
2
γσb ρδσρ
 , (A.4)
with
σab = −1
2
〈[∆µ, λa][∆µ, λb]〉+ 1
4
〈σ{λa, λb}〉 − 1
4
F 2〈HLλa〉〈HLλb〉
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−1
8
C
F 2
〈[HR +HL, λa][HR −HL, λb] + [HR +HL, λb][HR −HL, λa]〉 ,
γaµ = F 〈
(
[HR,∆µ] +
1
2
DµHL
)
λa〉 ,
ρ =
3
8
F 2〈H2L〉 ,
Γabµ = −
1
2
〈[λa, λb]Γµ〉 ,
Xaρµ = −Xρaµ = −
1
4
F 〈HLλa〉δρµ , (A.5)
and
Dµ = ∂µ + [Γµ, ·] ,
Γµ =
1
2
[u+, ∂µu]− 1
2
iu+GRµu−
1
2
iuGLµu
+ ,
∆µ =
1
2
u+dµU¯u
+ = −1
2
udµU¯
+u ,
σ =
1
2
(u+χu+ + uχ+u) ,
GRµ = vµ +QRA¯µ + aµ ,
GLµ = vµ +QLA¯µ − aµ ,
HR = u
+QRu+ uQLu
+ ,
HL = u
+QRu− uQLu+ . (A.6)
The expression for σab as given in Eq. (21) of [20] was not symmetrized with respect to the
indices a and b, as was pointed out by the authors of Ref. [22]. Using the correctly symmetrized
expression given above, one finds that the divergences of the counterterms K15,16,17 in Eq. (35)
of [20] have to be replaced by
Σ15 = 3/2 + 3Z + 14Z
2 , Σ16 = −3− 3Z/2− Z2 , Σ17 = 3/2− 3Z/2 + 5Z2 . (A.7)
In the Feynman gauge a = 1, we thus obtain a gaussian integral for the generating
functional, so that, up to an irrelevant constant contribution,
ZE |one loop = 1
2
ln(detD) , (A.8)
with DAB = −ΣµΣµδAB + ΛAB. To renormalize the determinant we use dimensional regu-
larization. In Minkowski spacetime, the one loop functional in d = 4 dimensions is given by
Zone loop = − 1
16π2
1
d− 4
∫
d4x Tr
(
1
12
YµνY
µν +
1
2
Λ2
)
+ finite parts, (A.9)
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where Tr means the trace in the “flavour” space ηA and Yµν denotes the field strength tensor
of Yµ,
Yµν = ∂µYν − ∂νYµ + [Yµ, Yν ]. (A.10)
For a 6= 1, we obtain, in Eq. (A.3), a second order differential operator of the so called
non minimal type. Heat kernel techniques, based on pseudodifferential operator methods [40],
have been developped for operators of that type in the literature (see, for instance, [41] and
references therein). They would allow, for instance, to study the gauge dependence of Zone loop,
but we shall not further discuss this point in the present article.
In the Feynman gauge, the divergent part for an arbitrary number of flavours Nf results
from a straightforward evaluation of the trace in Eq. (A.9). If we retrict ourselves to sources
satisfying the condition 〈QL 〉 = 〈QR 〉 = 〈Q 〉, where Q is the constant charge matrix for Nf
flavours, the result becomes9
1
12
Tr ( Y µν Yµν ) +
1
2
Tr ( σ2 ) =
Nf
48
〈 dµUdνU+dµUdνU+ 〉+ Nf
24
〈 dµU+dµUdνU+dνU 〉
+
1
8
〈 dµU+dνU 〉 〈dµU+dνU 〉+ 1
16
〈 dµU+dµU 〉 〈dνU+dνU 〉
−iNf
12
〈GRµνdµUdνU+ +GLµνdµU+dνU 〉
−Nf
12
〈GRµνUGLµνU+ 〉 −
Nf
24
〈GRµνGRµν +GLµνGLµν 〉
+
Nf
8
〈 dµU+dµU(χ+U + U+χ) 〉+ 1
8
〈 dµU+dµU 〉〈χ+U + U+χ 〉
+
N2f − 4
16Nf
〈χ+Uχ+U + U+χU+χ 〉
+
N2f + 2
16N2f
〈χ+U + U+χ 〉2 + N
2
f − 4
8Nf
〈χ+χ 〉
+
1
6
〈Q 〉2 F µνFµν
−3F
2
4
〈 dµU+QRUdµU+QRU + dµUQLU+dµUQLU+ 〉
−3F
2
4
〈 dµUdµU+Q2R + dµU+dµUQ2L 〉
−
(
1
4
− NfZ
2
)
F 2 〈 dµU+dµUQLU+QRU + dµUdµU+QRUQLU+ 〉
+ZF 2 〈 dµU+dµU 〉〈QRUQLU+ 〉 − ZF 2 〈 dµU+dµUQLU+ + dµUdµU+QRU 〉 〈Q 〉
9We have written U and A instead of U¯ and A¯.
27
+
F 2
2
〈 dµU+QRdµUQL 〉+ 2ZF 2 〈 dµU+QRU 〉 〈 dµUQLU+ 〉
−F
2
4
〈 (Uχ+ + χU+)Q2R + (U+χ + χ+U)Q2L 〉
+
(
1
4
+
NfZ
2
)
F 2 〈χ+QRUQL + χQLU+QR 〉
+
(
1
4
+
NfZ
2
)
F 2 〈χ+UQLU+QRU + χU+QRUQLU+ 〉
−ZF 2 〈 (Uχ+ + χU+)QR + (χ+U + U+χ)QL 〉 〈Q 〉
+ZF 2 〈χ+U + U+χ 〉 〈QRUQLU+ 〉
+
F 2
4
〈 dµU+[(cµRQR), QR]U + dµU [(cµLQL), QL]U+ 〉
+
F 2
4
〈 dµU+QRU(cµLQL) + dµUQLU+(cµRQR) 〉
+
(
2Z + 2NfZ
2
)
F 4 〈 (QRUQLU+)2 〉 −
(
2Z − 2NfZ2
)
〈Q2RUQ2LU+ 〉
−8Z2F 4 〈Q2LU+QRU +Q2RUQLU+ 〉 〈Q 〉
+
(
3
2
+ 8Z2
)
F 4 〈QRUQLU+ 〉2 − 3F
4
2
〈Q2R +Q2L 〉 〈QRUQLU+ 〉
+
(
3
8
+ Z2
)
F 4 〈Q2R +Q2L 〉2 − Z2F 4〈Q2R −Q2L 〉2 , (A.11)
where the covariant derivatives of the sources QL(x) and QR(x) are
cIµQI = ∂µQI − i[GIµ, QI ] , I = R,L , (A.12)
whereas GRµν and G
L
µν are the field strength tensors of G
R
µ and G
L
µ , respectively,
GIµν = ∂µG
I
ν − ∂νGIµ − i
[
GIµ, G
I
ν
]
, I = R,L . (A.13)
For Nf = 2, and after having used the equations of motion and the trace identities for
2× 2 matrices, the above expression reduces to
1
12
Tr (Y µν Yµν ) +
1
2
Tr (σ2 ) =
1
12
〈 dµU+dµU 〉2 + 1
6
〈dµU+dνU 〉 〈 dµU+dνU 〉
− 1
32
〈χ+U + U+χ 〉2 + 1
2
〈 dµU+dµχ + dµχ+dµU 〉
−1
6
〈GRµνUGLµνU+ 〉 −
i
6
〈GRµνdµUdνU+ +GLµνdµU+dνU 〉
+
1
2
〈χ+χ 〉 − 1
12
〈GRµνGRµν +GLµνGLµν 〉+Re(detχ)
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+
1
6
〈Q 〉2 F µνFµν
−3F
2
4
〈 dµU+dµU 〉 〈Q2R +Q2L 〉+
(
3
4
− Z
)
F 2 〈 dµU+dµU 〉 〈Q 〉2
+2ZF 2 〈 dµU+dµU 〉〈QRUQLU+ 〉
−3F
2
4
( 〈 dµU+QRU 〉 〈 dµU+QRU 〉 + 〈 dµU+QLU+ 〉 〈 dµUQLU+ 〉 )
+2ZF 2 〈 dµU+QRU 〉 〈 dµUQLU+〉 − F
2
8
〈χ+U + U+χ 〉 〈Q2R +Q2L 〉
−ZF 2 〈χ+U + U+χ 〉 〈Q 〉2 +
(
1
4
+ 2Z
)
F 2 〈χ+U + U+χ 〉 〈QRUQLU+ 〉
+
(
1
8
− Z
)
F 2 〈 (χU+ − Uχ+)QRUQLU+ + (χ+U − U+χ)QLU+QRU 〉
+
F 2
4
〈 dµU+[(cµRQR), QR]U + dµU [(cµLQL), QL]U+ 〉
+
F 2
4
〈 dµU+QRU(cµLQL) + dµUQLU+(cµRQR) 〉
+
(
3
2
+ 3Z + 12Z2
)
F 4 〈QRUQLU+ 〉2 − 3F
4
2
〈QRUQLU+ 〉 〈Q2R +Q2L 〉
−
(
3Z + 12Z2
)
F 4 〈QRUQLU+ 〉 〈Q 〉2 +
(
3
8
− 3Z
4
+ Z2
)
F 4 〈Q2R +Q2L 〉2
+
(
3Z
2
− 2Z2
)
F 4 〈Q2R +Q2L 〉 〈Q 〉2 − Z2F 4〈Q2R −Q2L 〉2 + 4Z2F 4 〈Q 〉4 . (A.14)
A2. Loop Functions
We recall the definition of the function J¯PQ(s) ≡ JPQ(s)− JPQ(0), with
JPQ(s) = −i
∫
ddq
(2π)d
1
(q2 −M2P + iǫ)[(q − p)2 −M2Q + iǫ]
, (A.15)
and s = p2. For s > (MP +MQ)
2 and for d = 4, one finds
32π2 J¯PQ(s) = 2 +
∆PQ
s
ln
M2Q
M2P
− ΣPQ
∆PQ
ln
M2Q
M2P
+
λ
1
2
PQ(s)
s
ln
 (s− λ
1
2
PQ(s))
2 −∆2PQ
(s+ λ
1
2
PQ(s))
2 −∆2PQ
+ 2iπλ
1
2
PQ(s)
s
, (A.16)
with
ΣPQ = M
2
P +M
2
Q , ∆PQ = M
2
P −M2Q , (A.17)
and
λPQ(s) = λ(s,M
2
P ,M
2
Q) . (A.18)
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For the threshold expansions of the amplitudes or cross sections, the following expressions have
been used,
Re J¯00(4M
2
π±) =
1
8π2
[
1− ∆π
M2π0
+
2
3
∆2π
M4π0
+ · · ·
]
,
Re J¯+−(4M
2
π0) =
1
8π2
[
1 +
∆π
M2π0
− 1
3
∆2π
M4π0
+ · · ·
]
,
Re J¯+0(−∆π) = − 1
96π2
∆π
M2π0
[
1− 3
5
∆π
M2π0
+ · · ·
]
,
Re J¯+0((Mπ± +Mπ0)
2) =
1
8π2
[
1− 1
48
∆2π
M4π0
+ · · ·
]
,
Re J¯+0((Mπ± −Mπ0)2) = 1
384π2
∆2π
M4π0
+ · · · , (A.19)
where only the contributions up to order O(∆2π/M
4
π0) have been kept.
As far as the function G+−γ(s) defined in Eq. (4.12) is concerned, introducing two Feyn-
man parameters and performing standard manipulations leads to the following integral repre-
sentation
G+−γ(s) = − 1
32π2
∫ 1
0
dx
∫ 1
0
dy
1
f(x)
· d
dy
ln
[
y2f(x) + (1− y)m2γ
]
+ O(m2γ) , (A.20)
where
f(x) = M2π± − x(1 − x)s− iǫ . (A.21)
For s < 0, the roots of f(x) are real and lie outside of the interval [ 0, 1 ], so that the integration
is straightforward,
G+−γ(s) = − 1
32π2sσ
{
4 Li2
(
1− σ
1 + σ
)
+
π2
3
+ ln2
(
σ − 1
σ + 1
)
+2
[
ln
( −s
M2π±
)
− ln
(
m2γ
M2π±
)
+ 2 ln(σ)
]
ln
(
σ − 1
σ + 1
) }
. (A.22)
The dilogarithm or Spence function is defined as usual,
Li2(x) = −
∫ x
1
ln t
1− t dt . (A.23)
The expression (4.13) for s > 4M2π± follows by analytic continuation with the iǫ prescription.
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A3. Radiative π − π Scattering
Let
f(E , s) =
√√√√s− 2E√s− 4M2π0
s− 4M2π0
·
√
s
s− 2E√s . (A.24)
Then the function F (s; ∆E), resulting from the integration over the energy of the emitted
photon, is given by the indefinite integral
F (s; ∆E) =
∫ ∆E dE
E [ (s− 2E
√
s−M2π0)2 f(E , s)− (s−M2π0)2 ] =
− 1
2
(s− 2∆E√s)(6M2π0 + 2∆E
√
s− 3s)f(∆E, s)
−(s−M2π0)2 ln
{√
s [ s− 2∆E√s− 4M2π0 ] [ 1 + f(∆E, s) ] + 4M2π0∆E [ 1 + 2f(∆E, s) ]
}
−
√
s
s− 4M2π0
(s2 − 4sM2π0 + 3M4π0) (A.25)
ln
{
(s− 4M2π0)
[
(s− 2∆E√s)[ 1−
√
s− 4M2π0
s
f(∆E, s) ]− 2M2π0
] }
+ Cst .
For the threshold expansion of the total cross section, we need
F (4M2π±;
∆π
Mπ±
) − F (4M2π±; 0) =
12M2π±(M
2
π0 − 2M2π±) + (4M2π± −M2π0)2 ln
(
4M2π±
M2π0
)
+
Mπ±√
∆π
(16M4π± − 16M2π±M2π0 + 3M4π0) ln
(
M2π0 + 2∆π − 2Mπ±
√
∆π
M2π0
)
= 18(ln 2− 1)M4π0 + · · · (A.26)
Since the difference F (4M2π±; ∆π/Mπ±) − F (4M2π±; 0) already appears multiplied by e2∆π in
the expression (5.14) of σ˜+−;00γ at threshold, we have dropped, in the last line of (A.26), all
the contributions that vanish for ∆π → 0.
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